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Abstract
The effective diffusivity in grain boundary networks of polycrystalline materials is evaluated
using a kinetic Monte Carlo model. This model connects the atomic hopping processes with the
coarse-grained diffusion so that the macroscopic simulations can be conducted without the need
to resolve atomic details. The effects of various properties of the grain boundary network on the
effective diffusivity have been examined, including grain size, two- vs. three-dimensional networks,
and distribution of grain boundary diffusivities. It is shown that the effective diffusivity does not
depend on the grain size when grain boundary diffusion is the dominant diffusion mechanism in
a polycrystalline sample. We find that the behavior of the effective diffusivity is qualitatively the
same for two- and three-dimensional models, except that the percolation threshold and the critical exponents need to be changed accordingly when using empirical functions to characterize the
effective diffusivity. In addition, we find that the effective diffusivity exhibits large fluctuations
due to its dependence on the grain boundary distributions, and therefore the details of the materials microstructure can significantly impact the effective diffusivity in a specific finite-size sample.
Finally, we check the applicable range of the effective medium theory and discuss the effects of
modeling different grain boundary types with varying diffusivities using just two vs. many types.
The grain boundary diffusion program (GBDiff) developed in this study is available under open
source licensing as part of the MAterials Simulation Toolkit (MAST) and can be obtained from
https://pypi.python.org/pypi/MAST/1.1.0.
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1. Introduction
Grain boundary (GB) diffusion plays an important role in various processes occurring in polycrystalline materials such as grain growth, sintering, recrystallization, Coble creep and diffusioninduced GB migration [1, 2]. Since GBs generally provide high diffusivity paths and GB diffusion
is one of the dominant transport mechanisms in materials, understanding the mechanism of GB
diffusion and its dependence on GB structure is of significant interest. The first macroscopic GB
diffusion model was developed by Fisher [3]. This model treats a single GB as a highly diffusive
thin slab embedded in a semi-infinite body in such a way that the longer dimension of the slab
is perpendicular to the surface where diffusion source exists. Solving this model under the fixed
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concentration boundary condition provides the diffusant’s concentration profile along the GB, from
which the GB diffusivity can be then determined. The penetration profile of diffusant can also be
used to characterize the diffusion kinetics. One of the most widely used classification of diffusion
kinetics is Harrison’s classification, which introduces three regimes called type A, B and C [1, 4]. In
type A regime, the bulk diffusion length is larger than the spacing between GBs. In type B regime,
the bulk diffusion length is smaller than the GB spacing and GBs can be regarded as isolated. In
type C regime, the bulk diffusion length is smaller than the GB width so that diffusion can be
considered as taking place primarily within GBs with negligible sidewise leakage into the bulk [1].
Later on, Fisher’s model was extended to account for different types of boundary conditions (e.g.,
constant or instantaneous source) and different GB configurations (e.g., single or parallel GBs in a
semi-infinite or a finite domain) [5–11]. These models provided many insights into the GB diffusion
processes along an isolated GB or along multiple GBs with the same diffusivity in an idealized
geometry. Nevertheless, application of these models to GB networks with complex connectivity
and GB-dependent diffusivities is not straightforward.
In real materials, GB diffusion is sensitive to the GB atomic structure. The structure dependence
of GB diffusion was first measured by Turnbull and Hoffman [12, 13], where it was shown that the
diffusion along the [001] tilt GBs in Ag is anisotropic and it depends on the misorientation between
two grains. Since then, the misorientation dependence of GB diffusion has been found in many
other systems. It is generally found that the diffusivity along high angle GBs is higher than
along low angle or coincidence site lattice (CSL) GBs [14–17]. The structure dependence of GB
diffusion arises from the atomic nature of diffusion. Specifically, GB diffusion generally depends
on formation energies and migration energies of point defects and these properties strongly depend
on the specific arrangements of atoms in the GB [18]. Because of this structure dependence,
the diffusivities in individual GBs may vary by several orders of magnitude under typical testing
conditions, which makes it challenging to describe the macroscopic diffusivity when mediated by
GB diffusion in polycrystalline samples. In such cases, the effective diffusivity is one of the most
important quantities used to characterize the macroscopic GB diffusion. The effective diffusivity
is defined in such a way that the macroscopic diffusion through a heterogeneous GB network
(where individual GBs have a wide range of diffusivities) is equivalent to the diffusion through a
homogeneous system with a single value of the effective diffusivity. As the effective diffusivity is
often correlated with various physical properties of structural materials related to GB diffusion,
such as intergranular fracture, corrosion, and cavitation [19–23], understanding the dependence of
the effective diffusivity on the details of the GB network is critical for design of materials with
desirable properties.
One should note that the effective diffusivity through polycrystalline materials is a complex function of different properties of the GB network such as the GB distribution and the GB connectivity.
Early investigations on the effective diffusivity were focused on developments of phenomenological
diffusion models in the Harrison type-A kinetics regime [1, 24–30]. These models account for the
bulk diffusion and GB diffusion in different grain patterns (e.g., square grains with the same size
surrounded by GB region uniformly distributed in the domain), but they generally consider only
one GB type and simplified GB geometries, and therefore ignore the influence of GB variety and
varied GB connectivity on the effective diffusivity. Here, we focus on the effective diffusivity in Harrison’s type C kinetic regime where GB diffusion is much faster than bulk diffusion. One material
science problem relevant to this regime may be the diffusion of Ag through polycrystalline silicon
carbide (SiC) [31, 32], where it has been suggested that the diffusivity of Ag in SiC GBs is several
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orders of magnitude larger than that in SiC bulk over a wide-range of temperature. In the type C
kinetic regime, one can assume that the diffusion occurs along GBs only and that the properties
of the GB network play a key role in determining the effective diffusivity. Recently, Chen and
Schuh [33] provided new insights into the effective diffusivity in a two-dimensional (2D) honeycomb
GB network. The authors investigated the role of a diffusivity contrast, defined as the ratio of the
diffusivities along high-diffusivity and low-diffusivity GBs. The GB networks were categorized into
high-contrast systems and low-contrast systems, where the diffusivity contrast is larger and smaller
than 104 , respectively. It was shown that in high-contrast systems, the effective diffusivity is governed by the development of a percolating path of high-diffusivity GBs. In low-contrast systems,
the effective diffusivity is less sensitive to the topology of the GB network and it can be described
using composite averaging schemes.
The aim of our paper is twofold. First, we develop a kinetic Monte Carlo (kMC) model to
calculate the effective diffusivity in static heterogeneous GB networks. This model is applicable for
the case of impurity diffusion when the impurity has a strong tendency to segregate to GBs. In
contrast to earlier kMC models that obtained the diffusivity in a single GB based on the jump rates
of point defects [34–37], our model focuses on the long-range diffusion along GBs and determines
the effective diffusivity by taking individual GB diffusivities as an input. Our model provides
a connection between the coarse-grained motion of the diffusant and the atomic level processes
underlying diffusion. This connection is validated numerically and it allows us to ignore the atomic
details of GB diffusion in kMC simulations. Second, we extend the work of Chen and Schuh [33]
to further account for the dependence of the effective diffusivity on various properties of the GB
network. Instead of using a 2D honeycomb lattice, we use a three-dimensional (3D) Voronoi diagram
to represent the GB network with non-uniform distributions of grain sizes and GB areas. Two or
more types of GBs are assumed to be randomly distributed in the simulation domain. In a system
with two types of GBs, we demonstrate the dependence of the effective diffusivity on diffusivity
contrast, fraction of each GB type, GB distribution, and the average grain size. We also use our
numerical models to test the validity of two ways of modeling the effective diffusivity, namely
the effective medium theory (EMT) and the percolation theory. Finally, we discuss the effects of
considering more than two types of GBs on the effective diffusivity.
2. Kinetic Monte Carlo model
In order to capture GB diffusion in 3D GB networks, we mesh each GB plane using the software Neper [38], which applies a widely-utilized bottom-up approach to generate mesh in Voronoi
tessellation vertices, edges (GB junctions) and faces (GBs), successively. A typical 3D GB network
with mesh in each GB is shown in Fig. 1a. For the sake of computational efficiency, our kMC
model does not resolve the atomic hopping processes. Instead, a diffusing particle is assumed to
perform a coarse-grained hop, i.e., it moves from one mesh node to another along an element edge
instantaneously in each kMC step. Therefore the current model captures the motion of a particle
on diffusive time scales and microscopic length scales, which is different from classic atomistic models where hops occur on the atomic scale. With the assumption of coarse-grained hop, the kMC
calculation of the effective diffusivity can be carried out as follows.
A Voronoi diagram [38] with a specified number of grains is first generated in a 3D cubic domain
to represent the GB network. In the Voronoi construction, grain centers are randomly distributed.
Then each GB plane is meshed by triangular elements. Each GB is then randomly assigned to
be one of two or more types, where each type has a different diffusivity. The diffusivity in a GB
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junction is assumed to be the same as the highest diffusivity in all GBs that connect to that GB
junction. Then the diffusivity along each triangular element edge is set to be the diffusivity in
the GB plane or GB junction it belongs to. Initially, a particle is located at a randomly selected
mesh node, and it is allowed to diffuse in the domain via hops along element edges (i.e., from
one mesh node to another). Periodic boundary conditions are applied in all spatial directions. In
each kMC step, the particle chooses to move along a given element edge i randomly based on the
rate Γi = Dl2i , where Di and li are the diffusivity and the length of element edge i, respectively.
i
After each step, the total diffusion time τ and the total displacement d (displacement between
particle’s initial position and its current position) are recorded. After a sufficiently long time (long
d2
enough to obtain converged results), the effective diffusivity can be calculated as Deff = 6τ
. This
procedure is repeated for 5 × 104 polycrystalline samples, and the reported effective diffusivities are
the average values. We also develop a model to calculate the effective diffusivity on a 2D Voronoi
GB network. The simulation method in 2D GB networks is similar to that in 3D GB networks.
The main difference is that in 2D, each Voronoi tessellation edge represents a GB so that no mesh is
needed and a particle hops between tessellation vertices. In addition, in 2D the effective diffusivity
d2
is calculated by Deff = 4τ
.
We note that our model relies on the assumption that a diffusing particle performs a coarsegrained hop (it moves from one mesh node to another) instead of atomic-level hops between nodes.
However, we propose that this coarse-grained hopping yields almost the same effective diffusivity
as an atomically resolved hopping simulation, since the rates of hopping between mesh nodes are
chosen to give the correct average time to move such a distance. In order to validate this proposition
and to connect the coarse-grained hop and atomic-level hops, we perform kMC simulations in a 2D
rectangular domain with a square mesh. In this case, the entire 2D simulation domain corresponds
to a 3D element edge, where the domain size L in the horizontal direction is the edge length, and
the mesh size h is the atomic hopping distance. In simulations, two parallel surfaces perpendicular
to the horizontal direction, i.e., left and right surfaces, are free surfaces, and periodic boundary
conditions are applied along other directions that are perpendicular to the horizontal direction
so that the size of the simulation domain along these directions is irrelevant to the results. In
each simulation, a particle is initially placed at the left boundary, and it is allowed to diffuse by
hopping from one lattice point to another. The particle can move in four directions at all lattice
points except at the left boundary where it can move only in three directions (up, down, right).
The probability of choosing a given hopping direction is proportional to the hopping rate in that
0
direction, and the hopping rate is given by Γ0 = D
, where D0 is the atomic diffusion coefficient.
h2
Using this hopping rate, we measure the time τ one particle requires to move from the left to the
right boundary, and then determine the diffusivity for the coarse-grained hop in this domain using
2
the Einstein’s equation D = L2τ .
We calculate the diffusivity D for different values of parameters L, h and D0 , and we find that
in all cases, D for the coarse-grained hop is equal to the diffusion coefficient D0 for the atomic
2
hopping, that is, D = L2τ = D0 within numerical error of the simulation. We confirmed the validity
of this equality in a 3D domain with a cubic mesh. In 3D, we also consider the diffusion between
two parallel free surfaces perpendicular to the horizontal direction, and apply periodic boundary
conditions to all other surfaces. These results also demonstrate that D = D0 within the numerical
error regardless of the domain size, the hopping distance and the dimensionality of the simulation
domain. This relationship connects the atomic diffusion coefficient D0 with the diffusivity D of
the coarse-grained hop, where the particle moves from one mesh node to another. It implies that
4

the macroscopic diffusion in a GB network can be captured by coarse-grained hops of a particle
without resolving the details of atomic hopping processes.
There are several significant additional assumptions of the model that should be mentioned
here. First, the only diffusion mechanism allowed in our model is the GB diffusion. As mentioned
before, most previous models for the effective diffusivity combines GB diffusion with other diffusion mechanisms (e.g., bulk or dislocation pipe diffusion) [1, 24–30]. Our simulations are focused
on long-range diffusion processes in a macroscopic domain where the GB diffusion is the dominant
mechanism. The second assumption is that GBs with different characters are randomly distributed.
It is known that GB types in experimental samples are correlated and subject to crystallographic
constraints [39–41]. However, the only effect of GB correlation is a few percent shift in the percolation threshold, while the critical exponents in the percolation theory are not affected by the
correlation [33]. Because of that, we ignore the GB correlation in this work. The reader should
keep in mind that the percolation threshold in actual GB networks may be slightly different from
the one predicted by our model. If needed, correlations in GB types can be added to our model
framework relatively easily in future work. Finally, in our model the diffusion coefficient at the GB
junction and the GB are taken as identical. While the diffusion along GB junctions is generally
different from that in GBs, their difference depends on temperature and GB structure, and the
relative magnitude of the diffusivity in GB junctions and GBs is still in debate [42, 43]. As such,
the diffusion coefficients along GB junctions are treated as equal to diffusion coefficients along GBs
in the current model.
The GB diffusion model described above has been programmed into a tool called GBDiff.
GBDiff is available under open source licensing as part of the MAterials Simulation Package [44]
and can be obtained from https://pypi.python.org/pypi/MAST. The version of GBDiff used for
this paper is GBDiff version 1.0 in MAST version 1.2.0. When using the GBDiff code please cite
the present paper and any additional references given in the MAST citation file, which is generated
automatically when MAST is run. GBDiff can also be used as on online application through the
Materials Hub (materialhub.org(http://materialhub.org)) [45]. Please follow the citation guidelines
given for this tool on the MaterialsHub.
3. Results for systems with two types of GBs
The kMC model introduced in Section 2 is first applied to calculate the effective diffusivity
Deff in a system containing two types of GBs: high-energy GBs (HEGBs) with diffusivity DH and
low energy GBs (LEGBs) with diffusivity DL . These GB types are randomly distributed in the
GB network. In order to determine the effect of system dimensionality on diffusion through GB
networks, we consider two different GB topologies based on 2D and 3D Voronoi diagrams.
D
The GB network in our systems is characterized by the diffusivity contrast DH , the fraction
L
fH of HEGBs , the distribution of GB types and the average grain size. In addition to these
properties, the connectivity of HEGBs can also play an important role in determining Deff . The
influence of the HEGB connectivity on macroscopic material properties has been shown in Ref. [19–
23, 33]. The effect of the HEGB connectivity is particularly apparent in systems with two types
of GBs, as considered in our study, because HEGBs can form percolating paths for the diffusant
and profoundly affect Deff [33]. Therefore, before we calculate Deff in our systems, we first evaluate
the percolation threshold of the Voronoi GB networks. Following the method in Ref. [46], we
investigate the percolation paths between two parallel free surfaces and apply periodic boundary
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conditions to all other surfaces. The final result of the percolation threshold is independent of which
free surface we choose and instead, it depends on the connectivity of HEGBs in the system. Note
that the boundary conditions used here for calculating the percolation threshold are different from
the periodic boundary conditions applied when calculating the effective diffusivity. According to
Ref. [46], a HEGB is called percolating if it is directly connected to the selected surface (the right
boundary in our study) or if one of its nearest HEGB neighbors is percolating. With this criterion,
we are able to identify the number of percolating HEGBs in the GB network, and then the fraction
of percolating HEGBs can be obtained. Ideally, in a system with an infinite number of GBs, the
fraction of percolating HEGBs will change from zero to unity when the fraction of HEGBs fH is
equal to the percolation threshold fp . In a system with finite number of GBs, when fH approaches
fp , the fraction of percolating HEGBs will change from zero to unity gradually but rapidly, and we
can approximate fp from the change in the fraction of percolation HEGBs.
Since the fraction of percolating HEGBs is strongly dependent on the specific GB distribution
for a finite system, in order to obtain statistically relevant results, we carry out a large number of
simulations (typically 104 ) for each value of fH . The average value of the fraction of percolating
HEGBs are reported. As shown in Fig. 1b, the percolation threshold fp is 0.67±0.01 and 0.18±0.01
for the 2D and 3D Voronoi GB networks, respectively. Here, fp is determined by the value of fH
where the fraction of percolating GBs is 0.5, and the uncertainty is approximated by the range of
fH where the fraction of percolation GBs varies from 13 to 23 . The percolation threshold in 2D is
consistent with the results of Monte Carlo simulations reported in Refs. [47, 48], where the authors
found fp = 0.66693 in the 2D Voronoi network. In addition, fp can be used to estimate the effective
d
coordination number Z according to the formula [46] Zfp = d−1
, where d is the dimensionality.
Using the values of fp and d, we find that Z is about 3.0 and 8.3 for 2D and 3D Voronoi diagrams,
respectively.
Before we evaluate the dependence of the effective diffusivity on the properties of the 3D GB
network, we check the dependence of the effective diffusivity on the mesh density. Fig. 1c shows
the effective diffusivity in a 3D GB network with 2 × 103 grains as a function of mesh density with
different GB network properties. It can be seen that within the range of mesh density considered
here, the effective diffusivity is not very sensitive to the mesh density. In the following, we carry
out kMC diffusion simulations in a 3D Voronoi GB network with 4 × 103 grains where the average
number of elements in one GB is approximately 9. In these simulations, DL is fixed at a constant
H
value (which is 1 in our study), and we vary DH to change the diffusivity contrast D
DL . As a
H
result, the observed trends in the dependence of diffusion on D
DL are equivalent to the trends in
the dependence on DH . Moreover, in the following figures, Deff is normalized by DH so that the
features of Deff observed in our study are not affected by the diffusivity unit. This normalization
does not impact the dependence of Deff on the properties of the GB network.
3.1. Dependence of Deff on the diffusivity contrast DH /DL
D

D

Figure 2 shows Deff as a function of DH for different values of fH . In this figure, the solid
H
L
lines and the dashed lines correspond to the cases when fH < fp and fH > fp , respectively, where
D
the percolation threshold fp = 0.16 (see Fig. 1c). We find that the dependence of Deff on DH
L
when fH < fp is different from that when fH > fp . In
 particular, when fH < fp , Deff is nearly
D

D

p

with the power coefficient p ≈ −1. This
independent of DH so that Deff is proportional to DH
H
L
result means that when the fraction of HEGBs is lower than the percolation threshold, the effective
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diffusivity is governed primarily by the diffusivity along LEGBs. On the other hand, for the case
D
of fH > fp and when DH increases, the dependence of Deff on DH changes from a power law with
L
exponent p (−1 < p < 0) to a linear function (p ≈ 0). The transition from a power law to a linear
function depends on fH so that with higher fH , Deff becomes linearly dependent on DH at smaller
D
values of DH . When the fraction of HEGBs exceeds the percolation threshold, Deff is dominated by
L

D

DH and this dominance becomes more apparent as DH increases. This behavior is expected because
L
above the percolation threshold, the diffusion through the polycrystalline samples is accomplished
D
mainly by the diffusion along HEGBs. As DH increases, the probability of diffusing via LEGBs
L
pathways is further decreased, and eventually Deff becomes a linear function of DH . To summarize
D
the trends in Fig. 2, fH determines how Deff depends on DH . When fH < fp , Deff is governed by
DL and is nearly independent of
DH
DL .

DH
DL .

L

When fH > fp , Deff is approximately a linear function of

3.2. Dependence of Deff on the fraction of HEGB fH
D

D

While fH determines the dependence of Deff on DH as illustrated in Fig. 2, the ratio DH affects
L
L
how Deff depends on fH . As shown in Ref. [33] for systems with a uniform grain size and uniform
GB length, the dependence of Deff on fH follows different rules in high- and low-diffusivity contrast
D
systems. Here we evaluate Deff as a function of fH for different values of DH in the GB network with
L
non-uniform grain size and GB length distributions. The results of our simulations are shown in Fig.
3a. In the same figure, we also show predictions of the effective medium theory (EMT) [50], which
is a widely used analytical model for describing macroscopic transport properties in heterogeneous
media. As shown in Fig. 3a, predictions of EMT agree well with the results of kMC simulations
D
D
for small values of DH . However, deviations between two approaches are observed as DH increases.
L
L
This trend is consistent with the conclusions from Ref. [33] that EMT fails to predict Deff in high
contrast systems. The discrepancy between EMT and kMC is due to the fact that EMT averages
the diffusivities of all GBs, but it does not take into account the GB connectivity. As some HEGBs
may form high-diffusivity paths and the diffusion prefers to occur along these paths, the overall
diffusivity is higher than that estimated by the EMT.
Two other interesting features are found in Fig. 3a. First, the deviation of EMT from kMC
in this study is larger than the one reported in Ref. [33]. Specifically, the authors of Ref. [33]
D
found that EMT works reasonably well when DH < 104 , while we find that EMT provides a poor
D

L

approximation of the simulation data when DH > 102 . The difference in the range of applicability
L
of EMT arises from the difference in the GB connectivity in the two studies. More specifically, the
percolation threshold in the GB network considered in our study is lower than that in Ref. [33].
Consequently, in the present study, the formation of long-range connectivity of HEGBs is easier,
D
leading to a failure of the EMT approximation at smaller values of DH . Secondly, we find that the
L
largest deviation between EMT and kMC occurs when fH ≈ fp . To illustrate this deviation, in Fig.
3b we plot the ratio of Deff obtained from kMC to that predicted by EMT. It is clear from this plot
D
that when |fH − fp | > 0.2, EMT works quite well even at large values of DH . On the other hand,
L
when |fH − fp | < 0.2, EMT and kMC predictions differ, and the difference reaches the maximum at
fH = fp . We conclude that EMT provides a reasonable approximation for the effective diffusivity
not only for low contrast systems, but also for high contrast systems when the absolute difference
7

between fH and fp is large. This extension of the applicability of EMT makes it possible to use
this theory to predict Deff in a wider range of GB structures than previously assumed.
D
As demonstrated in Figs. 3a and 3b, when DH increases, the percolating network of HEGBs beL
D

gins to dominate diffusion and it is expected that Deff in high contrast systems can be approximated
H
by the percolation theory. Based on the percolation theory described in detail in Ref. [50, 51], Deff
should exhibit a power-law dependence Deff ∝ (fH − fp )t when fH > fp and Deff ∝ (fp − fH )−s
when fH < fp , where t and s are critical exponents. Figures 3c and 3d illustrate the dependence
of Deff on |fp − fH | for the cases of fH > fp and fH < fp , respectively, where the solid lines repreD
sent the curve fitting using the above power-law functions. One can see that as DH increases, the
L
relation between Deff and |fp − fH | approaches the power laws shown above. In particular, when
Deff
DH
5
DL > 10 , all the DH vs. |fp − fH | functions can be well described by above power-law functions
with exponents t = 1.30 ± 0.05 and s = 1.22 ± 0.05. This feature has also been observed in Ref. [33],
but the critical exponents in that study were different from the ones reported here, presumably due
to the difference in the type of GB network (e.g., 2D honeycomb lattice and 3D Voronoi diagram).
The values of t and s found in our study are consistent with most of previous studies [50–58] on
percolation systems, where the critical exponents are in the range of 1 − 2.
D
While EMT and the percolation theory can predict Deff when DH is low and high, respectively,
L
a generalized effective medium (GEM) equation [59–61] has been often used to predict Deff in the
D
entire range of DH values. This equation has been previously applied in Ref. [33] to fit Deff in a
L
2D honeycomb GB lattice. The GEM equation has the following form
1/s

(1 − fH )

1/t

1/s

1/t

DH − Deff
DL − Deff
 1/s + fH 1/t
 1/t = 0,
1/s
−1
DL + fp − 1 Deff
DH + fp−1 − 1 Deff

(1)

where fH , fp , DH , DL , s and t have the same meanings as before. As shown earlier, in the case
of our GB networks, fp = 0.18, t = 1.30, and s = 1.22. By substituting these parameters into
Eq. (1) we obtain the GEM prediction of Deff . The comparison of GEM and kMC calculation of
Deff is illustrated in Fig. 3a, which shows that two methods match quite well. This result indicates
that Deff in a system with two types of GBs can be approximated by the GEM equation with the
values for the percolation threshold and the critical exponents being appropriate for the given GB
D
network. A combined analysis of Figs. 2 and 3 demonstrates that the effects of fH and DH on Deff
L
are coupled to each other and are strongly dependent on the corresponding GB network.
3.3. Statistical distribution of Deff
As discussed in Section 2, the effective diffusivities reported so far in Figs. 2−3 are the averages
over 5 × 104 samples. The standard error (as estimated by the standard deviation divided by the
mean) of the reported average Deff is around 1%. We note that the standard error decreases with
both the number of samples, as to be expected, and the size of the system, as increasing the latter
provides better averaging over a range of local environments (see Fig. 4a for an example). These
results indicate that in order to have a more accurate measurement of the effective diffusivity in an
experiment, we may either increase the system size or have more samples, which is as expected.
In addition to the standard error in the mean Deff , the fluctuation in Deff among 5×104 samples
is also of interested because it provides the spectrum of Deff that can be measured in a given sample
and it reveals the dependence of Deff on the details of the microstructure. Deff exhibits fluctuations
8

due to the statistical nature of GB distributions. Here we characterize the fluctuation in Deff using
the coefficient of variation, cv = σµ , where µ = hDeff i is the average Deff and σ is the standard
D

deviation of Deff . Figs. 4b and 4c show the coefficient of variation of Deff for varying DH and fH as
L
a function of the system size. One can see that cv (i.e., fluctuation in Deff ) generally decreases as the
D
system size increases and the behavior of cv is not very sensitive to DH and fH . Moreover, it is found
L

that for the system size studied in this work (i.e., 102 ∼ 104 grains in 3D domain), cv is larger than
0.8, which demonstrates that the fluctuation in Deff can be significant even if we have more than
103 grains in a system. The spread of the Deff indicates that although the macroscopic diffusion
can be characterized by the mean value of Deff , the details of the microstructure should be taken
into account when trying to predict Deff if diffusion will occur through a specific polycrystalline
sample.
3.4. Dependence of Deff on the model dimensionality
In order to examine the dependence of Deff on the dimensionality, we evaluate Deff on a 2D
Voronoi GB network with 104 grains. The simulation conditions in the 2D Voronoi GB network
are the same as that in the 3D Voronoi GB network. The corresponding figures for 2D Voronoi GB
networks are shown in the supplemental document of the present paper.
D
We first analyze the dependence of Deff on DH for different values of fH , and we find that the
L
trends are similar to those found in 3D Voronoi GB network (shown in Fig. 2). Specifically, Deff
D
in 2D Voronoi GB network is nearly independent of DH when fH is smaller than the percolation
L
threshold fp , which for 2D Voronoi diagram is equal to 0.67. When fH > fp , Deff becomes a linear
D
function of DH . We also find that the dependence of Deff on fH follows the same trend as that shown
L
in Fig. 3. Specifically, the EMT is accurate for low-contrast systems and the power-law functions in
the percolation theory provide a good model for Deff in high-contrast systems. Significant deviation
of EMT predictions from kMC results are observed mainly when fH and fp are close in values. In
addition, we find that, similarly as in 3D Voronoi GB network, the GEM theory (Eq. (1) with
exponents t = 1.6 and s = 1.3) can be used to approximate Deff in 2D Voronoi GB network. The
agreement between the kMC and GEM methods again demonstrates that with the appropriate
percolation threshold and critical exponents, the GEM theory can predict Deff with a reasonable
accuracy. We also analyze the coefficient of variation of Deff . We find that, similarly as in a 3D GB
network, the coefficient of variation of Deff in a 2D Voronoi GB network decreases as the system
D
size increases, and it does not strongly depend on fH and DH . Moreover, the fluctuation of Deff in
L

a 2D Voronoi GB network can also be significant for a system containing at lease up to 104 grains.
D
In summary, the dependence of Deff on DH and fH as well as the fluctuation of Deff are nearly
L
independent of the dimensionality of the simulation domain. The observed trends are similar in 2D
and in 3D Voronoi GB networks. The main difference between 2D and 3D lies in the percolation
threshold and the critical exponents in the percolation theory.
3.5. Grain size effect of Deff
Grain size has been previously shown to affect diffusion through a polycrystalline sample, in
cases where both GB diffusion and bulk diffusion are active [30]. As the grain size decreases, the
fraction of GB region increases, which allows more diffusion to be conducted along GBs rather
than through the crystalline grains. Since the GB diffusion is faster than the bulk diffusion, Deff
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increases as the grain size decreases. Here, we are interested in the kinetic regime where bulk
diffusion through crystalline grains is negligible as compared to GB diffusion. It is interesting to
ask whether the previously observed grain size effect will be present in this regime as well. We
check three types of conditions: (1) the grain size is uniform and all GBs have the same character;
(2) the grain size is uniform and GBs have two different characters; (3) the grain size is non-uniform
and GBs have two different characters.
The grain size effect in the first case has been in fact already analyzed in Section 2, where the
GB lattice is a square mesh in a 2D domain. We found that as the grain size decreases, the number
of hopping steps across a certain distance increases. Meanwhile, the time spent in each hopping
step decreases because the grain size decreases and so does the hopping distance. As a consequence,
the total time over which one particle diffuses across a certain distance is independent of the grain
size, and in this scenario Deff does not depend on the grain size. Deff in this case can actually be
derived analytically following the steps shown in Ref. [62]. Specifically, the average square of the
displacement of the diffusant after n jumps can be expressed as d2 = nl2 , where l is the distance
in each jump. Since the total diffusion time τ is τ = n∆t (where ∆t is the time spent in each jump),
hd2 i
l2
it can be derived that Deff = 4τ = 4∆t
, so the effective diffusivity is equal to the diffusivity in
each GB, and therefore it is independent of the grain size.
The next step (case (2)) is to consider two types of GBs (HEGBs and LEGBs) with different
diffusivities (DH and DL ). Analytical derivation of Deff in a system with two types of GBs is
not straightforward since Deff depends on the GB connectivity as shown in Figure 3, so we focus
on numerical calculation of Deff here. We calculate the numerical values of Deff as a function of
grain size, where the GB lattice is a square mesh and two types of GBs with diffusivity contrast
DH
3
DL = 10 are randomly distributed. The results show that Deff still does not exhibit any grain
size dependence within our error bars. We further evaluate Deff in a 2D Voronoi diagram with
a non-uniform grain size and two types of GBs (case (3)), which again shows that Deff does not
depend on the grain size.
Above results suggest that when GB diffusion is the only active mechanism of transport, Deff is
independent of the grain size under quite general conditions. This finding is based on the assumption
that the properties of the GB network (e.g., GB diffusivity, fraction of each type of GB) do not
depend on the grain size. Therefore, if the grain size effect of Deff is observed in experiments on
systems in the Type C regime, it will likely be induced by the relation between the grain size and
the aforementioned properties of GBs. For instance, the authors of Ref. [63] have shown that the
diffusion of hydrogen in pure nickel depends on grain size because the fraction of each type of GB
and the density of trapping sites for hydrogen (and therefore GB diffusivity of hydrogen) change
as grain size varies in the experiment.
4. Results for systems with multiple types of GBs
We extend our kMC simulations to investigate Deff in model systems that contain multiple
types of GBs. These systems resemble closely the GB networks in actual polycrystalline materials.
A comprehensive investigation of the dependence of Deff on the properties of GB networks, such as
the diffusivity ratio and the fraction of each type of GB, is beyond the scope of this work. Here,
we mainly demonstrate that our model is applicable to a system with multiple GB types and show
the effects of including more types of GBs on the Deff .
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Table 1: Diffusivities of the ten types of GBs in five different cases considered in this study. cvd is the coefficient of
variation of the diffusivity for each case (see text for details).

Case No.
1
2
3
4
5

D1
5
5
5
5
5

D2
9980
10
10
10
10

D3
9985
9985
15
15
15

D4
9990
9990
9990
20
20

D5
9995
9995
9995
9995
25

D6
10005
10005
10005
10005
19975

D7
10010
10010
10010
19980
19980

D8
10015
10015
19985
19985
19985

D9
10020
19990
19990
19990
19990

D10
19995
19995
19995
19995
19995

cvd
0.471
0.667
0.810
0.940
1.053

As an example, we investigate a system that contains ten types of GBs, where the fraction
of each type is 10%. We consider 5 different cases for the GB diffusivities, as shown in Table 1.
To enable a meaningful comparison, in all cases, the maximum
and minimum diffusivities are the
P
same, and so is the average diffusivity defined as D̄ = 10
f
D
, where fi and Di are the fraction
i
i
i=1
and the diffusivity of the i-th GB, respectively. Moreover, GB diffusivities in each case can be
categorized into three groups: low-diffusivity (Di < 50), intermediate diffusivity (Di ≈ 104 ), and
high-diffusivity (Di ≈ 2 × 104 ). In order to make a comparison between the current simulations and
the earlier simulations on systems containing two types of GBs (see Section 3), case 5 in Table 1
includes only low- and high-diffusivity GBs and therefore it is equivalent to a system with two
types of GBs. The diffusivities in these 5 cases are chosen to have different diffusivity spread while
keep the minimum, the maximum, and the average diffusivities the same. Here we again use the
coefficient of variation cvd = σµ to represent the diffusivity spread, where µ = D̄ is the mean GB
diffusivity and σ is the standard deviation of the GB diffusivity. Here the mean and standard
deviations are taken over the 10 values for each case, and is not based on a KMC simulation. The
coefficient of variation of the diffusivity, cvd , therefore differs greatly in meaning from the coefficient
of variation of the effective diffusivity cv introduced in Section 3. Since µ is the same in all cases,
cvd is proportional to σ. It can be seen from Table 1 that cvd is different in the five cases, and
it has the largest value in case 5. One should note that the diffusivities in Table 1 can also be
divided into two groups: one group with diffusivity on the order of 10 and the other on the order
of 104 . For this reason, all 5 cases in Table 1 resemble systems with two GB types and they allow
us to examine the qualitative behavior of Deff when multiple GB types instead of two GB types
are considered.
Figure 5a shows the effective diffusivity Deff calculated for each case as a function of cvd , which
is the measure of the spread in diffusivity values among the ten GB types. We find that Deff
decreases with increasing cvd . In addition, the system with only two types of GBs (case (5))
has generally a lower effective diffusivity than a system with more GB types, provided that the
maximum, the minimum, and the average diffusivities are the same. The diffusivity spread in a
system with multiple GB types reaches its minimum (cvd = 0) when the GB diffusivity is uniform
(i.e., Di = D̄). In this case, Deff has its maximum value, which is D̄. From Fig. 5a we can also
see that in a system with multiple GBs, low-diffusivity GBs have more impact on Deff than highdiffusivity GBs. Specifically, when the fraction of low-diffusivity GBs fL is the same as the fraction
of high-diffusivity GBs fH (i.e., fL = fH ), Deff decreases as fL (= fH ) increases. The dominant
role of low-diffusivity GBs in Deff is similar to systems with two types of GBs when the fraction of
HEGBs is smaller than the percolation threshold (see Fig. 2).
For the sake of further comparison between the behavior of Deff in systems with two and more

11

than two types of GBs, we also examine the EMT prediction of Deff , the grain size effect, and
fluctuation of Deff . Figure
5b gives the relative difference in Deff obtained from kMC and EMT

kMC − D EMT /D EMT ) as a function of the coefficient of variation c . It shows that the
(i.e., Deff
vd
eff
eff
deviation of EMT prediction from kMC results increases as cvd (i.e., the spread in diffusivity)
increases. Since the physical meaning of the spread in diffusivity is the same in a system with
multiple GB types and in a system with only two GB types, it is not surprising that in a system
with multiple GB types, EMT works better for samples with smaller cvd . The dependence of Deff
on the average grain size in the five cases studied here is shown in Fig. 5c. It can be seen that,
consistently with what we found in a system with two types of GBs, Deff in systems with multiple
GB types does not depend on the grain size as long as only GB diffusion is activated. Including
more types of GBs not only does not induce a grain size dependence of Deff , but also does not have
a strong effect on the fluctuation of Deff , as shown in Fig. 5d. We find that although the coefficient
of variation of Deff in systems with multiple GB types increases slightly as the diffusivity spread
increases (from case 1 to case 5), the values of cv is similar in systems with two and multiple GB
types. Consistently with the trend found in systems with two GB types (see Figures 4b and 4c),
the fluctuation of Deff decreases as the system size increases in a system with multiple GB types,
and more importantly, the fluctuation can be significant even if a system has more than 103 grains.
The latter again demonstrates that the details of microstructure should be taken into account when
the macroscopic diffusivity is measured in a specific polycrystalline sample.
In summary, extending the model systems to include more than two GB types does not have
an impact on the existence or lack of grain size effects on diffusion and on fluctuation of diffusion
coefficients among randomly generated microstructures with the same macroscopic parameters.
When the minimum, the maximum and the average diffusivities of individual GBs are kept constant,
including more than two GB types leads to a faster diffusion. For materials with multiple types
of GBs, low-diffusivity GBs have more impact on Deff in the sense that when the fractions of lowdiffusivity GBs and high-diffusivity GBs are kept the same (e.g., cases 1-5 in Table 1), Deff decreases
as these fractions increase (e.g., from case 1 to case 5 in Table 1). We also find that the EMT model
captures the diffusion behavior better in systems with a smaller spread in diffusivity values among
the different GB types. Finally, one should note that the cases studied here are special because all
ten GB types are equally probable in the sample, which may not reflect the complexity in actual
GB structure. Nevertheless, the properties of Deff shown above do not depend on the number of
GB types or their fraction, and therefore they are expected to provide a general behavior of Deff
in realistic GB systems with multiple GB characters.
5. Conclusions
We have developed a kinetic Monte Carlo model to evaluate the effective diffusivity in GB
networks in polycrystalline materials. This model connects the atomic-level information of hopping
processes with the coarse-grained diffusion on GB planes, which allows us to conduct macroscopic
simulations without resolving atomic details. Several features of the effective diffusivity have been
found from the numerical experiments. First, in the kinetic limit when GB diffusion is the dominant
transport mechanism, the effective diffusivity through a polycrystalline sample does not depend
on the grain size. Secondly, the dimensionality and the type of GB networks mainly affect the
percolation threshold and the critical exponents in the percolation theory, and they do not change
the qualitative dependence of the effective diffusivity on the diffusivity contrast and the fraction
of GB types. We also find that the effective diffusivity exhibits fluctuations due to the statistical
12

nature of GB distribution. In addition, our results show that EMT approximates the effective
diffusivity with a reasonable accuracy not only in low-diffusivity contrast systems, but also in
high-diffusivity contrast systems when the fraction of HEGBs is significantly different from the
percolation threshold. In all cases, GEM can be used to predict the effective diffusivity if the
percolation threshold and the critical exponents are known. Finally, including more types of GBs
generally increases the effective diffusivity, provided that the maximum, the minimum and the
average diffusivities, are kept the same.
Although the properties of the effective diffusivity shown above are based on simplified GB
systems, these properties do not depend on specific materials or GB characters, and they shed
light on the qualitative behavior of the effective diffusivity in systems containing two or more GB
types. The presented modeling framework is flexible so that it will be straightforward to include
additional effects such as the correlation of GB types. This model can be easily applied to specific
materials systems with complex GB networks, realistic diffusivities, and with a variable fraction of
each GB type.
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Figure Caption:
Figure 1 (Color online) (a) A typical 3D Voronoi GB network with 2000 grains, where the triangular
mesh is generated in each GB. (b) Average fraction of percolating HEGBs as a function of the
fraction fH of HEGBs in 2D and 3D Voronoi GB networks. (c) The effective diffusivity as a
D
function of mesh density with different diffusivity ratios DH when fraction fH of HEGBs is 0.5
L
and the diffusivity DL in LEGB is 1.0. In (b) and (c), the error bar is within the thickness of the
symbols used in the points.
D

Figure 2 (Color online) Dependence of the effective diffusivity Deff on DH for different fractions fH
L
of HEGBs. The solid lines and dashed lines correspond to the cases when fH is smaller and larger
than the percolation threshold fp , respectively.
D

Figure 3 (Color online) (a) Dependence of Deff on fH for different ratios DH . Symbols, dash lines
L
and solid lines correspond to the results from kMC simulations, predictions of the EMT theory,
and predictions of the GEM theory with fp = 0.18, t = 1.30, and s = 1.22. (b) The ratio of Deff
D
values calculated from kMC and from EMT for different values of DH . Deff as a function of (c)
L

D

fH − fp when fH > fp and (d) fp − fH when fH < fp calculated for different values of DH . In (c)
L
and (d), the solid lines are the curve fitting using the power-law functions described in text.
Figure 4 (Color online) (a) hDeff i with error bar (estimated by the standard deviation divided by
H
the mean) as a function of the system size when D
DL = 1000 and fH = 0.5. Coefficient of variation
of Deff as a function of the system size for (b) different values of
values of fH when

DH
DL

DH
DL

when fH = 0.5 and (c) different

= 100.

Figure 5 (Color online) Analysis of a system with more than two types of GB. (a) Effective diffusivity
Deff calculated in the 5 cases (see Table 1); (b) A relative difference between kMC and EMT
predictions as a function of the coefficient of variation of GB diffusivity; (c) Dependence of Deff
on the normalized grain size (ratio of the average grain size to the domain size); (d) Coefficient of
variation of Deff as a function of the system size.
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Figure 1: (Color online) (a) A typical 3D Voronoi GB network with 2000 grains, where the triangular mesh is
generated in each GB. (b) Average fraction of percolating HEGBs as a function of the fraction fH of HEGBs in 2D
and 3D Voronoi GB networks. (c) The effective diffusivity as a function of mesh density with different diffusivity
ratios

D

H when fraction f of HEGBs is 0.5 and the diffusivity D in LEGB is 1.0. In (b) and (c), the error bar is
H
L
L

D

within the thickness of the symbols used in the points.
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D

H for different fractions f of HEGBs in a
H
L
3D Voronoi system. The solid lines and dashed lines correspond to the cases when fH is smaller and larger than the
percolation threshold fp , respectively.

Figure 2: (Color online) Dependence of the effective diffusivity Deff on
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D

D

Figure 3: (Color online) (a) Dependence of Deff on fH for different ratios DH . Symbols, dash lines and solid lines
L
correspond to the results from kMC simulations, predictions of the EMT theory, and predictions of the GEM theory
with fp = 0.18, t = 1.30, and s = 1.22. (b) The ratio of Deff values calculated from kMC and from EMT for different
values of
values of

D

H. D
eff as a function of (c) fH − fp when fH > fp and (d) fp − fH when fH < fp calculated for different

D
L
D

H . In (c) and (d), the solid lines are the curve fitting using the power-law functions described in text.
L

D
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Figure 4: (Color online) (a) hDeff i with error bar (estimated by the standard deviation divided by the mean) as a
H
function of the system size when D
= 1000 and fH = 0.5. Coefficient of variation of Deff as a function of the system
DL
size for (b) different values of

D

H when f = 0.5 and (c) different values of f when
H
H
L

D
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DH
DL

= 100.

Figure 5: (Color online) Analysis of a system with more than two types of GB. (a) Effective diffusivity Deff calculated
in the 5 cases (see Table 1); (b) A relative difference between kMC and EMT predictions as a function of the coefficient
of variation of GB diffusivity; (c) Dependence of Deff on the normalized grain size (ratio of the average grain size to
the domain size); (d) Coefficient of variation of Deff as a function of the system size.
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